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Abstract

The present view about the structure of measons is that they are a quark-antiquark
system. The mass spectrum corresponding to this system should, in principle, be given by
chromodynamics, but this turns out to be a complex affair. Thus it is of some interest to
consider relativistic systems of particle-antiparticle, with a simple type of interaction, which
could give some insight on the spectra we can expect for mesons.In the present paper we
carry this analysis when the interaction is of the Dirac oscillator type. We show that the
Dirac equation of the antiparticle can be obtained from that of the particle by just changing
the frequency w into —w. Following a procedure suggested by Barut we derive the equation
for the particle-antiparticle system and solve it by a perturbation procedure. We thus obtain
explicit expressions for the square of the mass spectra and discuss its implications in the
meson case.

1 Introduction and summary

It is well known!) that mesons are considered as formed by a quark-antiquark systems where, in
many cases,!) the particle and antiparticle are of the same mass i.e. uii, ud, di, dd; s5 etc.

The calculation of the mass spectra of mesons within the framework of quantum chromody-
namics would be a complex affair?). Thus it is of some interest to consider relativistic systems of
particle-antiparticle, with a simple type of interaction, that could give us some insight in the type
of spectra that we can expect for mesons.

In the present paper we intend to carry this analysis when the interaction is of a Dirac oscillator
type®*). We begin in section 2 by considering the positive and negative energy solutions of the
one particle Dirac oscillator problem®*), and show that the equation for the anti-particle can be
derived from that of the particle if we change the frequency w of the oscillator to —w.

In section 3 we consider the Barut®) procedure for deriving a single equation for n-free rel-
ativistic particles of spin 1/2, and generalize it to n particles with Dirac oscillator interactions
with different frequencies w,,s = 1,2, ...n. We then apply it to the particle-antiparticle case where
n=2and w; = —w; = w.
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In section 4 we reduce our equation, which has four components, to just a single one, and
proceed to show how to solve the latter by perturbatlon theory L

In section 5 we derive explicitly the square of the mass spectra of our pa.rtlcle-a.ntlpartxcle
system to first order perturbation theory, and proceed to draw the square of the mass level
scheme as function of the total angular momentum j, of the parity (—1)/ or —(—1) as well as of
the number of quanta N of the oscillator, for different values of w.

Finally, in the concluding section, we also give the square of the mass spectra of the mesons
and show that, while quite different from our present theoretical analysis, it could, as in the three
quark case of baryons?”’, give a better agreement if other interactions are also considered.

2 The Dirac oscillator equation for a particle and for an
antiparticle

The single particle Dirac oscillator equation was suggested by the replacement?
p — p — iwx}f, (2.1)
in the Dirac free particle expressions)r giving rise to L R o
i(06/02°) = [a- (p - iwx8) + ], ) (22)
where z° is the time and w the frequency of the oscillator, all in the units
h=m=c=1 ) , (2.3)

where m is the mass of the particle and ¢ the velocity of light. Note furthermore that

= (20) = %) -

where & is the Pauli spin vector. : - -
We require now the solutions of (2.2) both for posmve and negatlve energy where E wxll denote
its absolute value. For positive energy we can write

w* = ( 5; ) exp(~iE<?), (2:5)

where ¢1 ,t/), are the la.rge and small components dependmg only on the coordmates and, from
(2.4a,b), we obtain

(-t = [o-(p+iwn)uf, (2.6a)
(E+ 1)% = [0 (p — iw)]ut, (2.60)
sO that from the second equation 7 o
g =(E+)Ye- (p - i)Yt (2.7)
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and substituting in the first we get

(E? = 1)y} = [p? + w¥x? — 3w — 4wL - S|y, (2.8)

where

L=xxp , S=og/2 (2.9a,b)

Clearly then ¥ is given by

1/2

Y = ]N(l, -l-)Jm) = ¢ = Run(r) Z

|
[(tm = o, 501im) Vim0 (0, 0)x012
2 o=-1/2 2

(2.10)

while to obtain 17 we have to carry out the operation (2.7). In (2.10) Rw(r) is the radial
function given in terms of Laguerre polynomials, < | > a Clebsch-Gordan coefficient, Yim-, (8, )
a spherical harmonic, and x1/2, a spin 1/2 state with projection 0. The N indicates the total
number of quanta while ¢, = £+ } are the orbital and total angular momentum.

Now we turn our attention to the negative energy states where we can take

Y= (i;: ) exp(iEz%), (2.11)
from which
—(E+1)Y; = [v- (p+ iwx)]w;, (2.12a)
(-E+1)y; = [a -(p - iwx)]t/),', (2.12b)
so that
o7 = —(E+ 1) [a~ (p + iux)] ¥, (2.13)
while 7 satisfies
(E* - 1)y5 = [p2 +wix? + 3w + 4wl - s]¢;, (2.14)

s0 it is again given by the ket |[N(¢, 1)jm) = ¢ of (2.10).
The particle state ¥, is the positive energy one ¥+ which from (2.5) can be written as'®

— ¢ 0
Yy =gt = [(E ) (- iwx)]¢] exp(—iEzY), (2.15)

with ¢ given by (2.10).
For the antiparticle state ¥, we follow Bjorken and Drell® by taking the conjugate of ¥~ of
(2.11) and apply to it

iv? = ifa =i( 0 "’), (2.16)

-0 0
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thus getting'®

. —m 100" .
Yo SRy = [(E + 1)—10 . (;d:, iux)(iaqu‘)] exp(—zEzo)
(2.17)
as
(—ioy)e"(—ioy) =0 , (—ioy)(ids) = 1. (2.18)
Furthermore as
03X14 = —X3-4 > 02Xi-} T X} (2.19a, b)
we see that
) 3 1, 1
1020° = Rpyy(r) z;/z [(lm -0, §al]m)(—1)"‘+; Y -mo(6, ¢)X§_a]
(2.20)

so changing o, m into —o, —m and using prope;tjés of the Clebsch-Gordan coefficients'?) we obtain
iogd" = (-1 . o (2.21)

Thus, (except for the phase factor (=1)m+i=¢ wli;igh rjrgirrelevant) the state ¥, of the antiparticle

is the solution of the Dirac oscillator equation (2.2) when we change w by —w.
In the next section we consider a Poincaré invariant equation for the two body system of

particle and antiparticle.

3 Equation for the particle-antiparticle system with Dirac

oscillator interaction

As in previous publications*!9) we start from the Dirac equation for n-free particles

S (a, P, + B.)¥ = EY, (3.1)
=1 -
where E is the total energy for the system, a,, 3, are direct products such as
B,=101.19381I1.01, (3.2)

with 3 in s** position, while p, is the momentum of the sth particle.
Following the analysis of Barut®), we showed that the Poincaré invariant form of the equation

(3.1) is419)

Zn: {F.(vﬁ‘pu. + 1)]¢ =0. , (3.3)

=1
We first explain all the symbols appearing in (3.3). The index y takes now the values u =

0,1,2,3, and _ -
70 = ﬂ»‘f‘ = ﬂaiai = 172,37 (34a’b)
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with 3, a; given by (2.4a,b). For n particles we have v#,s = 1,2,...n, given by direct products

such as (3.2).

We also introduce the concept® of unit time like four vector (u,) = (uo,u1,uz, u3), which
means that in some reference frame it can tkae the value (1,0,0,0). With the help of u, we define
the Lorentz scalars

n

= H(‘#uu)’ (3.5a)

r=1

T, = (v#u,)"'T, (3.5b)

where repeated indeces are summed over y = 0, 1,2,3. Note that (y#u,)~! in (3.5b) just eliminates
the corresponding term in I' of (3.5a) so I, is still in product form.

The terms in our equation (3.3) are then fully defined and we proceed now to look at it in the
frame of reference where (u,) = (1,0,0,0), where it takes the form

("o + 3 [ro0npe# 1) J =0, (3.6)
where

F°=ﬁ73=ﬂ®,6®....®/353, (3.7a)

r; = E:E’)“F" =3®p8.8R0I1IR®3..848, (3.76)

Multiplying (3.6) by I'° and using 3% = I,v; = Ba, and ('®)? = I we obtain
[~ P+ St p+pa]w =0, (38)
where we put the time like component F; of the four momentum
Py =pu +pua+ .. + Puns (3.9)
in its contravariant form —P° as our metric tensor is
Juw =0if p#v, gn =92=91=—go =1 (3.10)

Clearly we then recover equation (3.1) if we interpret P as E, as is usually done.

The Barut equation (3.3) will then provide the starting point for the one involving n-particles
with Dirac oscillator interactions of frequency w,,s = 1,2,...n. To proceed in this direction we
could replace p,,; ¢ = 0,1,2,3;3 = 1,2,...n in (3.3) by a linear function of p,, and z,, as was done
in (2.1) for the one particle problem. We note though that while p,, commutes with the total four
momentum P, of (3.9), which is a genereator of the Poincaré group, z,, does not. Thus it is more
suggestive!) to use the translationally invariant coordinates z/,, defined by
1"’=x“.—X‘“ (3110)

H
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where
X, = n'l(z“, + T4 F Zpn) (3.11%)

Furthermore we would like that the resulting equation, in the frame of reference where the
center of mass is at rest i.e. P, =0, i =1,2,3, should depend only on a single time as is the case
in Eq. (3.8). Thus it is convenient to use the transverse coordinates z;, defined by

#, =1, - (P2, )PP, PT) 2, (3.12)

which has the property that in the center of mass frame, where P, = 0,i = 1, 2,3, 23, = 0.
With the above restrictions we could obtain from (3.3) a Poincaré invariant equation with a
Dirac oscillator interaction if we make in it the replacement

Pus = Pus — iwaii‘,ry (313)

where T is defined as in (3.5a), and we assignate a different frequency w, for each particle. We
then arrive at the equation

”n
s=1
where we make the choice?) for the unit time like vector u, in ' and T, of (3.5) as

u, = P,(~P,P*)"V/? (3.15)

In the center of mass frame of r;f;fénée, where P, = 0,1 = l,é; 3,1we have {u,‘} = ( 1000) and
so by a reasoning similar to the one that leads from (3.3) to (3.8) we obtain the equation

{-P+ 3 [a (B - iwiB) + ]} =0, (3.16)
=1 - o : ) -
where B is given by (3.7a) while a,, 8, are direct products of the form (3.2) and

p,=p,—n"'P, (3.17)

becomes identical to p, in the center of mass frame.

As P? is the total energy of the system, the rest of the expression (3.16) is then the mass
operator!), which we will designate by M, for the n particles interacting with Dirac oscillators
of frequencies w,,s = 1,2,...n. If we are dealing with the particle-antiparticle system n = 2 and,
from the discussion of the previous section w; = —w; = w, so we get?

M= (1VD{(ar - a) b~ (e + a) - x] B} NPy (3.18)

where?)

p = (1/V2)(p1 - P2), x = (1/V2)(x1 = Xa), (3.19a, b)
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0 7, 0 0
0 o (I 0) _1a 0 0 0
a‘—(al 0)® 0 I/ {0 0 0 ol (3.20a)
0 0 o 0
0 0 [ p) 0
_ I 0 0 02)__ 0 0 0 a3
az = (0 1) ® (ag 0)=1e, 0 0 o] (3.206)
0 oo 0 0
(I 0 0 O \
I 0 I 0 0 -I 0 O
5“(0 —1>®(0 1) 0o 0 I 0] (3.21a)
\0 0 0 -I)
(I 0 0O 0 \
I 0 I 0 07 O 0
B = (o 1)®(0 —1) 00 -1 0| (3.216)
\0 0 0 -1/
I 0 0 0
I 0 I 0 0o -I 0 0
B= (0 —1)®(o -1) 0 0 ~I 0] (3.22)
0 0 0 I
and the wave function can be written as?
d)ll
Ya
= 3.23
Yz (3:23)
11)22

4 Solution of the eq. (3.18) by a perturbative procedure

Denoting by u the eigenvalue of the mass operator of (3.18) and making use of (3.19-3.23) we
obtain the equation

0 o1 (p+iwx) =07 (p—iwx) 0 ¥n
11 a0 (p—iwx) 0 0 -0 (p + wx) Y
\/§ -0, - (p + IUX) 0 0 g - (p - N.UX) ‘w]g
0 -0y (p—iwx) 0 (p+iwx) 0 ¥
(6=2) ¥n
_ I Y
- H Yz |’ (+:1)
(0 +2) 9o
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where p = —:1V.
Introducing now the creation and annihilation operators by the definitions

n = (1/V2)(w"*x — iw™1?p), £ = (1/V2)(w'?*x + iw™1/?p), (4.2a, b)

we get the equations

. 1/2 o9 o1-¢ ('1121): (6 —=2) ¥n
w (02 § o -')) Y12 ((u +2) '1)22) ' (4:3a)
_sanfo§ 0'2"7) (lbn -, (¥
w (0'2 n 01§ 11)22) # (11112) ’ (4.36)
Multiplying (4.3a) by 4 and substituting in it (4.3b), we obtain, after some straightforward algebra,
that -
A D [11’11]_[#2‘24” 0 ku]
(o allea]=1"5% wiallia] (44
where - -
A=2-£+3-L-(01-ay), (4.50)
D=2S-n)’+2(S-£)"-(n-n)-(£-§), (4.56)
while |
L=xxp=-i(npx§),S= 5(0’1 + a3), (4.6a,b)

and extensive use was made of the relation between Pauli spin matrices i.e.
o0; = 6.',' + ie.,ka;. (4.7)

It is convenient to substitute 111, {22 by ¢4, ¢, through the relation

[l =4 lle] 48
so that equation (4.4) becom;s
1057 adolle] =[5 ¥ (49

Writing the two equations in ¢, ¢_ explicitly and eliminating #_ between them we obtain for
¢4+, which from now on we denote simply by ¢, the equation

[,;‘ — (4 + 2Aw)u? + WH(A* = D* = AD + DA)]¢ =0 (4.10)

Unfortunately, because of the term D of (4.5b), this problem is not exactly soluble as was
the case of two particles, i.e. w; = w; = w, discussed in reference 4. We note though that the
operator in (4.10) contains the frequency w as a parameter. As this frequency is given in units
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of the rest mass 1 of the particle, we expect w to be small as compared with 1, as is the case in
nuclear physics. We can then begin by disregarding the term in w? and so our equation becomes

p2[y’—(4+2Aw)]¢=0, (4.11)

so our first objective will be to find the eigenstates and eigenvalues of the operator A4 given by

(4.5a).
To achieve our purpose we start by introducing the ket

IN(,s)jm) = Rue(r) 3_(¢m = 7,50]jm) Ym0 (8, ) Xae (4.12)

-4

where all the functions and symbols are defined as in the paragraph following (2.10), except that
now the spin function x,, corresponds to s = 0 or 1 and not the 1/2 appearing in (2.10).

We note from (4.5) that the operators in (4.10a,b) are invariant under reflections, i.e. change
of 7,{ into —n, —§ and thus the parity of the states (4.12), which is (—1), is a good quantum
number. Considering then separately the states (4.12) in which ¢ = j, and those in which £ = j +1,
we find by straightforward Racah algebra!?) that the eigenstates of A of (4.5a), which we shall
denote by ¢, are

é0 = (1/VD)[IN(j,0)jm) £ NG, 1)jm)] for pasity (=17, (4.130)
$o = |N(j £1,1)jm) for parity — (—1), (4.13b)
The corresponding eigenvalues of u?, which we denote by u3, are given by
ug=4+2w{(2N+3)i[,i(j+l)]‘/2}, (4.14a)
for parity (—1)’, while for parity —(—1)’ we get
pd =4+ 2w(2N +3), (4.148)

and thus we have a complete solution of the problem (4.11).
Our interest though is in the equation (4.13) which we can solve by a perturbation procedure.
We first define

W = u?, (4.15a)
Hy =4 + 24w, (4.150)
H' =w*(A* - D?* - AD + DA), (4.15¢)
so equation (4.10) becomes
(W —WH,+ H¢ =0. (4.16)
We then, as for example in Schiff book!?), replace H' by AH' where X is a parameter and write
W=W0+AW1+/\2W2+..., (4.17a)
é=do+ Ady + A2y + ..., (4.17b)
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where Wy = p of (4.14) and ¢y is given by (4.13).
From (4.17a) we obtain

W? = W2 + AQWoWy) + N (QWoW, + W) + ..., (4.17¢)

so that using (4.17) we see that, up to first order in A, (4.16) takes the form

Wo(Wo — Ho)¢o] + A[(zwowl — Wy Ho + H')do + Wo(Wo — Ho)da| + ... = 0,
(4.18)

where each of the square brackets must vanish!?). For the first one this is automatic as from (4.11)
we have

Hodo = Wodo. (4.19)

From the second square bracket, when we take its scalar product!? with ¢, we obtain
Wy = —W (o, H'do), (4.20)

where we made use of the hermitian character of Ho and of Eq. (4.19).
Thus to first order in perturbation theory, when we take, as usual'®), A = 1, we have that

p? = g — 45 (b0, H'do) + ... (4.21)

where po is given by (4.14), ¢o by (4.13) and H' is (4.15¢). In the next section we calculate this
u? explictly.

5 Square of the mass spectra of the particle-antiparticle
system

To determine the square of the mass u?, given to first order perturbation theory by (4.21), we
need to calculate the scalar product (go, H'do). As o has a definite number of quanta N, which
is indicated in (4.13), we need only to consider that part of H' in (4.15¢) that does not change the
number of quanta. The terms AD, DA in (4.15) change the number of quanta by +2, as indicated
in (4.5), so we can disregard them. The A? is diagonal in the basis ¢o of (4.13) and its contribution
to the scalar product in (4.20) is

(do, A’do) = {(2N +3) £+ 1)]‘/2}2 for parity(—1)’ (5.1a)
(do, A’do) = (2N +3)* for parity — (-1y (5.1b)

For the D? operator, where D is given by (4.5b), the only terms that contribute to its expec-
tation value with respect to ¢y i.e. that do not change the number of quanta NV, are

4SS € +4(S-ES- 0> —2S - n)*(€-€6)—2S-&(n-n)
—2(n-9)(S-£)* =2 6(S- N+ (- -+ (- En- ) (5.2)
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To evaluate the matrix element (@0, H'¢o) we need then to determine the matrix elemtns of
(S-7)%, (S €)% (n-n), (£ §) with respect to states of the form |N(¢,s)jm) of (4.12). This is done
in the Appendix using results for the matrix elements of (S-9),(S-£) given in reference 13 as well
as the operator form of the harmonic oscillator states of reference 14.

We finally arrive at the following results for the p? of (4.21): For the states of parity (~1)7, u?
can be expressed as a function of N, j,w, using both signs + in the ¢y of (4.13a) i.e.

KN, W) =4+ m{(zN +3) 26+ 1)]1/’}
—(w2/4){[2N +3) 2+ D)V NN +3) - (G +1) + 3]} +.. (5.3)

For the states of parity —(—1)7, the two cases of orbital angular momentum £ = j+1or ¢ =; -1,
have to be written separately. We shall distinguish them from (5.3) by putting a bar above the
4? and an index + or - when £ is respectively j + 1 or j — 1. Thus we obtain

B =4+ 202N +3) = (HO{@N +37 -2 - )+ NV +3) + g+
(5.4a)

Bl =4+ 20(2N +3) - (w2/4){(2N +3)?-2[(+3)+ NNV +3)+ 31} + o
(5.4b)

In all of these cases we keep only terms up to w? so that g ? appearing as a coefficient of the scalar
product in (4.21) is replaced by (1/4). Note furthermore that as N = 2n + ¢ where £ is the orbital
angular momentum, we see that for u% (N, j,w) of (5.3) the N takes the values N = 75,7 +2,7+4, ...
On the other hand for 32(N,j,w) of (5.4a) N takes the values N =j + 1,7 +3,5 +5, ..., while
for g% (N,j,w) of (5.4b) wehave N =j - 1,7+ 1,7 +3,7+5,....

In Fig. 1 we graph g2 of (5.3) for w = 0.1 as function of j, indicating the sign + to which the

level corresponds on its left hand side while on the right hand side we give the value of N. Note
that when j = 0 the state |N(0,1)00) does not exist so that the normalized ¢, of (4.13a) reduces
to |N(0,0)00). In this case the spin is 0 as indicated int the left hand side of the level ; =0, and
not the mixture + in (4.13a).
" In Fig. 2 we graph 43 of (5.4) for w = 0.1 as function of j. The orbital angular momentum
¢ = j £ 1 is indicated on the left of the levels and the total number of quanta N is given on
the right. Note that for j = 0, |[N(—1,1)00) does not exist so that we have only IN(1,1)00)
corresponding to £ = 1 indicated on the left hand side of the levels with j = 0. Also the levels
with N = € = j — 1 are unique as indicated in the corresponding left hand side of the levels. For
the other states [N(j £ 1,1)jm) both values £ = j + 1 and j — 1 are possible, and because of the
first order corrections, i.e. the term in w? of (5.4) they are separated by w?(2j +1). In Fig. 2 we
give on the left hand side the values £ = j + 1 and £ = j — 1 of the paired levels.

The parity denoted by a script P is given in all three figures i.e. P = (=1) or P = —(-1).

In the next section we discuss the comparison of our reuslts with squares of the mass spectra
for non-strange mesons!).
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6 Comparison with the meson spectra

In page 37 of reference 1 there is Meson Summary Table in which, in the first two columns, are
given the non-strange mesons with the code name (a single letter with an index indicating the total
angular momentum j), mass 4 in MeV, j, isospin I, and parity defined there!) as P = —(-1)},
as well as a charge conjugation number C = (—1)‘**, where £ is the orbital angular momentunm
and s the total spin of the quark-antiquark system.

From the above information we can get the square of the mass y4? in units (GeV)?, the j, s,/
as well as (—1)%, so that, £ = j or £ = j £ 1. As mentioned before our notation for parity will be
the script P = (—1)! i.e. P = (=1)) or —(-1)’.

The information given in the previous paragraph is summarized in Figs. 3 to 6, where in the
abscissa we have j = 0,1,2,3,4,5 and p? in the ordinate. We note first that for comparison
with the particle-antiparticle system, with a Dirac oscillator interaction, we have divided the
information according to parity P = (=1)7 or —(—1)’ in Figs. 3,4 or Figs. 5,6 as P is an integral
of motion of our problem. Furthermore the isospin I = 0,1 is completely independent from the
Poincaré group and thus of the analysis previous sections. We could then consider that in our
theoretical u% of (5.3) or gz of (5.4), w is a function of I and another one could be added to
these uy, s variables. Thus it is convenient to graph separately the levels for I = 1,P=(-1)
(Fig. 3); I = 0,P = (-1) (Fig. 4); I = 1,P = —(-1)’ (Fig. 5); and I = 0,P = —(-1)’ (Fig. 6).

In figures 3 to 6 we put on the left hand side the name of the meson and where there are
several of the same name we distinguish them by primes i.e. x;,7},7/ etc. In Figs. 3,4 we put on
the right hand side the total spin s = 0 or 1 and furthermore we differentiate the two values by
using either a full or dashed line. In Figs. 5,6 only the names of the mesons appear on the levels
as the spin s is always 1.

~ We now wish to make a qualitative comparison between the theoretical figures 1 to 2 and the
experimental ones for mesons in figures 3 to 6. ’ i

We begin with parity P = (—1)’ where we should compare Fig. 1 with Figs. 3,4. For angular
momentum j = 0 the comparison in Figs. 1 and 3 is quite good and the spin is s = 0. For all
other levels we cannot compare because in Fig. 3 they have definite spin, while in Fig. 1 we have
50% each of admixtures of s = 0 and s = 1, in or out of phase, as shown in (4.13a). This clearly
shows the need to add other interactions in our equation (3.14) that are Poincaré invariant, which
we shall discuss below. Note also that even for j = 0 the comparison between Fig. 1 and Fig. 4 is
not good, even if we change the scale in Fig. 1, but this can be attributed to the fact that the 7o
mesons may have and admixture of s3 where s has different mass from u,d.

Turning now our attention to parity P = —(—1)’ we could compare Fig. 2 with Fig. 5 or 6.
In Fig. 5 i.e. I =1 the information is sparse though for j = 1 we see what may be a pair N
which, with a change of scale, could resemble the pair for j = 1, N = 2 in Fig. 2. This is more
noticeable when we compare, for j = 2, Fig. 2 with Fig. 6, where we see a number of pairs i.e.
N = 3 corresponding f}, f¥; N =5 to f’, fi¥; and if we had graphed it, N = 7 to oYL N=9
to fY 1, Y11, Note also that for parity P = —(—1)’ the lowest level in Figs. 5, 6 appears for
j =1 and not j = 0, and this is also true in the theoretical calculations of Fig. 2.

Clearly though in all cases we would have to modify our starting hypothesis in a similar way
as we did in the baryon example”)., We want to do this in a Poincaré invariant way and thus it is
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convenient to introduce the four vector”
1
W, = EE‘,,,,,P"K", (6.1)

where K° could be either J°7, L°7, 577 defined respectively by

JoT = L7 + §°T, (6.24)
2
L7 =3 (zp; — z;p]), (6.2b)
=1
2
19 =) (6.2¢)

=1

where z7,p7,97;7 =0,1,2,3;8 = 1,2 are the ones in section 3 of this paper with n = 2.
We consider now the Poincaré invariants

W:=W*W, , P?=-PP¥ (6.3a,b)
as well as the I of (3.5a), which we combine in the form

T(W?/P?), (6.4)

and in the center of mass frame i.e. when P, = 0,i = 1,2,3, it reduces to”

‘I21L2,521 (6.50,6, C)

depending on whether K7 is equal to J°7, L7, 5°".
Thus, as indicated in Eq. (2.9a) of reference 7, our equation (3.16) could be modified to

{-P°+M+aJ’+bL’+c5’}¢=o (6.6)

where M is given by (3.18) and a, b, c are, so far, arbitrary real constants.
If b=c =0, as J? is an integral of motion of the operator M, we have that the new mass,
which we call 4, is related with the old one by

2
[ =it +1)] =4, (6.7)
and thus the new mass spectra is

p=p+aj(j+1), (6.8)

where we have at our disposal the parameter a with which we can adjust the spectra corresponding
to different j's.

When we have b, ¢ also different from zero, as L2, S? are not integrals of motion, our only way
to proceed is by considering the matrix of the operator

M +aJ? +bL? + 52, (6.9)
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with respect to the states [N (¢, s)jm), where j is fixed, and diagonalizing this matrix up to certain

maximum number of quanta Nz,

Calculations of this type, done by Luis Benet, when a = b = 0, i.e. only with an 5% term,
allow us to break the wave functions of (4. 133.) into states of definite spin i.e. s = 0 or 1, but
keeping some of the ordering as in Fxg 1, so that its more comparable with the meson spectra in
which the spin is given. S

We do not wish though to cons1der the more general operator (6.9) in thxs paper. To begin
with, when dealing only with the operator M of (3.18), we have a single parameter, the frequency
w, and also as a scale in our calcualtions the mass m of the quarks. If we go to the operator (6.9)
we have the parameters w, a,b,c, plus the m. Thus we can of course adjust the meson spectra
better, but it may be meaningless. . -

Thus we conclude by stating that the pa.rtxcle—antlpartlcle system wnth a Dirac oscillator in-
teraction, may give some insight on the meson spectra, and that is all we aspire to achieve in the

present paper.
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7 Appendix

To obtain the matrix elements of (¢o, D*¢o) we need first those of the factors in each product
appearing in (5.2). Those of (S - 9)? can be obtained from the ones of (S - 9) given in (3.20) and
(3.24) of reference 13, and thus we have

1/
(N + 205, 1)imI(S - WP ING, Djm) = [V 4+ + 9V +2- )]
(A.la)

1/2
(¥ 4205 + L 1)jmI(S - NG + 1, 0jm) = =[(V 45 + 9 +1=9)] 5724 + )
(A.1b)

1/2 1/2
(N +20 = 1, Djmi(S - mING +1,1jm) = [(N =i+ +1=3)] " [iG+1] @i+

(A.lc)
1/ 1/
(N +20+ 1, 1sml(S-aPING - 10im) = [V 45+ 28+ +4)] T [iG+ 0] 2+ 17
(A.1d)
1/
(N +20 = 1, Djml(S nPING — L )jm) = =[(V + 5+ DOV =5 +3)] [+ /i + D).
(A.le)
From the hermitian conjugates of (5.1) we obtain those of (S - §)* i.e.
/
(N = 20, D)jmi(S - 1IN G, Djm) = =[(V + 5+ D = 5)]
(A.2a)
1/
(N = 20+ 1, 1)jml(S- NG +1,1jm) = =[N+ + 2 = =1)] * [i/(23 + )
(A.25)
(¥ =20+ 1, )jmi(S- £ING = 1,1)jm) = [V =5+ 0¥ =5 = 1] [5G+ 0] "2 1)
(A.2¢)
1/2 1/2
(N =20 = 1,1)jml(S- EPING + 1, 1im) = [(V+ )V +5+2)]  [iG+D] " (@5 + 1)
(A.2d)
(¥ =2 = 1, 0jmi(8 - 7ING = 1,1sm) = =[¥ + ¥ =+ 1] [+ 027 + 1)
(A.2¢)

Finally, from the operator form of the harmonic oscillator states, given in reference 14, we have
that

(N +2(2,s)jmln - qIN(L, s)jm) = - [(N +E+3)(N -+ 2)]1’2, (A.3a)
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and from its hermitian conjugate we get
1/2
(N = 2(t,a)jmig - €N (2, )jm) = =[(V + £+ )N = 0] (A3b)

With the help of these expressions we obtain straighforwardly the u3 of (5.3) and 42 of (5.4).
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9

Figure Captions

Fig. 1. We graph x4} of (5.3) for w = 0.1 as function of j, indicating the sign + to which
the level corresponds on its left hand side while on the right hand side we give the value of
N. Note that when j = 0 the state [N(0,1)00 > does not exist so that the normalized ¢, of
(4.13a) reduces to |N(0,0)00 >. In this case the spin is 0 as indicated in the left hand side
of the level j = 0, and not the mixture £ in (4.13a).

Fig. 2. We graph j} of (5.4) for w =0.1 as function of j. The orbital angular momentum
¢ = j+1isindicated on the left of the levels and the total number of quanta N is given on the
right. Note that for j = 0,|N(-1,1)00 > does not exist so that we have only |N(1,1)00 >
that corresponds to £ = 1 indicated on the left hand side of the levels with j = 0. Also the
levels with N = £ = j — 1 are unique as indicated in the corresponding left hand side of the
levels. For the other states [N(j £ 1,1)jm > both values £=3j+1and j—1 are possible,
and their separation is given by w?(2j + 1), thus both values j — 1,7 + 1 appear on the left
hand side of those levels.

Fig. 3. The square of the masses of the mesons are given as functions of j for isospin [ =1
and parity P = (—1)/. The name of the meson is given on the left hand side with an index
j and upper primes if there are several of them. Full lines correspond to spin 0 and dashed
to spin 1 as indicated on the right hand side.

Fig. 4. The square of the masses of the mesons ate given as function of j for isospin I =0
and parity P = (—1)’. The name of the meson is given on the left hand side with an index
j and upper primes if there are several of them. Full lines correspond to spin 0 and dashed
to spin 1 as indicated on the right hand side.

Fig. 5. The square of the masses of the mesons are given as function of j for isospin I=1
and parity P = —(—1)’. The name of the meson is given on the left hand side with an index
j and upper primes if there are several of them. The spin is always 1.

Fig. 6. The square of the masses of the mesons are given as function of j for isospin I=0
and parity P = —(—1)’. The name of the meson is given on the left hand side with an index
j and upper primes if there are several of them. The spin is always 1.
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